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Abstract

This paper presents adaptive control rules, at the dynamics level, for the nonholonomic mobile robots
with unknown dynamic parameters. Adaptive controls are derived for mobile robots, using backstepping
technique, for tracking of a reference trajectory and stabilization to a fixed posture. For the tracking
problem, the controller guarantees the asymptotic convergence of the tracking error to zero. For stabili-
zation, the problem is converted to an equivalent tracking problem, using a time varying error feedback,
before the tracking control is applied. The designed controller ensures the asymptotic zeroing of the sta-
bilization error. The proposed control laws include a velocity/acceleration limiter that prevents the robot’s
wheels from slipping. © 2002 Elsevier Science Ltd. All rights reserved.

Keywords: Mobile robot; Nonholonomic constraint; Dynamics level motion control; Stabilization and tracking;
Adaptive control; Backstepping technique; Asymptotic stability

1. Introduction

Motion control of mobile robots has found considerable attention over the past few years.
Most of these reports have focused on the steering or trajectory generation problem at the ki-
nematics level i.e., considering the system velocities as control inputs and ignoring the mechanical
system dynamics [1-3]. Very few reports have been published on control design in the presence of
uncertainties in the dynamic model [4]. Some preliminary results on control of nonholonomic
systems with uncertainties are given in Refs. [4-6].

Two of the most important control problems concerning mobile robots are tracking of a refer-
ence trajectory and stabilization to a fixed posture. The tracking problem has received solutions
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including classical nonlinear control techniques [1,2,7]. The basic idea is to have a reference car that
generates a trajectory for the mobile robot to follow. In Refs. [1,2], nonlinear velocity control inputs
were defined that made the tracking error go to zero as long as the reference car was moving. In
Ref. [7], they used input—output linearization to make a mobile platform follow a desired trajec-
tory.

The problem of stabilization about a fixed posture has been shown to be rather complicated.
This is due to violating the Brockett’s condition [8], which states that for nonholonomic systems a
single equilibrium solution cannot be asymptotically stabilized using continuous static state
feedback [9,10]. The Brockett’s condition essentially states that for nonholonomic systems an
equilibrium solution can be asymptotically stabilized only by either a time varying, a discontin-
uous, or a dynamic state feedback.

In addressing the above problem, in Ref. [10] a smooth feedback control was presented for the
kinematics control problem resulting in a globally marginally stable closed loop system. They also
designed a smooth feedback control for a dynamical state-space model resulting in a Lagrange
stable closed loop system, as defined in their paper. A two dimensional Lyapunov function was
utilized in Ref. [3] to prescribe a set of desired trajectories to navigate a mobile robot to a specified
configuration. The desired trajectory was then tracked using sliding mode control, resulting in
discontinuous control signals. The mobile robot was shown to be exponentially stable for a class
of quadratic Lyapunov functions. In Ref. [9], they formulated a reduced order state equation for a
class of nonholonomic systems. Several other researchers have later used this reduced order state
equation in their studies. In Ref. [4], the problem of controlling nonholonomic mechanical sys-
tems with uncertainties, at the dynamics level, was considered. Using the reduced state equation in
Ref. [9], they proposed an adaptive controller for a number of important nonholonomic control
problems, including stabilization of general systems to an equilibrium manifold and stabilization
of differentially flat and Caplygin systems to an equilibrium point. In Ref. [2], they gave several
examples on how the stabilization problem can be solved for a mobile robot at the kinematics
level. Their solutions included time-varying control, piecewise continuous control, and time-
varying piecewise continuous control. They also showed how a solution to the tracking problem
could be extended to work even for the stabilization problem.

Here, we present adaptive control schemes for the tracking problem and for the problem of
stabilization to a fixed posture when the dynamic model of the mobile robot contains unknown
parameters. Our work is based on, and can be seen as an extension of, the work presented in Refs.
[1,2]. Using backstepping technique we derive adaptive control laws that work even when the
model of the dynamical system contains uncertainties in the form of unknown constants. The
assumption for the uncertainty in robot’s parameters, particularly the mass, and hence the inertia,
can be justified in real applications such as in automotive manufacturing industry and warehouses,
where the robots are to move a variety of parts with different shapes and masses. In these cases, the
robot’s mass and inertia may vary up to 10% or 20%, justifying an adaptive control approach.

2. Dynamic model of mobile robot

Here, we consider a three-wheeled mobile robot moving on a horizontal plane (Fig. 1). The
mobile robot features two differentially driven rear wheels and a castor front wheel. The radius of
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Fig. 1. Mobile robot configuration.

the wheels is denoted r and the length of the rear wheel axis is 2/. Inputs to the system are two
torques 77 and 75, provided by two motors attached to the rear wheels.
The dynamic model for the above wheeled-mobile robot is given by Refs. [10,11].

e g
=z s;n(b + biuycos ¢

y=—2cosd + bjusing (1)
¢ = byuy
xsin¢g —ycos¢p =0 (2)

where by = 1/(rm), b, = 1/(rl), and that m and I denote the mass and the moment of inertia of the
mobile robot, respectively. Also, u; = T} + T and u, = Ty — T; are the control inputs, and 4 is the
Lagrange multiplier, given by A = —m¢(xcos¢ + ysin¢). Here, it is assumed that b, and b, are
unknown constants with known signs. The assumption that the signs of »; and b, are known is
practical since b, and b, represent combinations of the robot’s mass, moment of inertia, wheel
radius, and distance between the rear wheels. Eq. (2) is the nonholonomic constraint, coming from
the assumption that the wheels do not slip. The triplet vector function g(¢) = [x(z), (1), $(£)]"
denotes the trajectory (position and orientation) of the robot with respect to a fixed workspace
frame. That is, at any given time, ¢ = [x, y, d)]T describes the robot’s configuration (posture) at that
time. We assume that, at any time, the robot’s posture, ¢ = [x, y, q')]T, as well as its derivative,
g = [x, 7, ¢]", are available for feedback.

3. Tracking problem definition

The tracking problem consists of making the trajectory ¢ of the mobile robot follow a reference
trajectory ¢,. The reference trajectory g,(f) = [x:(¢), :(¢), ¢.(¢)]" is generated by a reference ve-
hicle/robot whose equations are

X = v, c08 ¢,
Yy = v;sing (3)
d)r = Wy
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The subscript “r”” stands for reference, and v, and w, are the reference translational (linear)
velocity and the reference rotational (angular) velocity, respectively. We assume that v, and w,, as
well as their derivatives are available and that they all are bounded.

Assumption A;. For the tracking problem it is assumed that the reference velocities v, and o, do
not both go to zero simultaneously. That is, it is assumed that at any time either lim, . v,(¢)-+0
and/or lim,_ ., o, (¢)-0.

The tracking problem, under the Assumption A;, is to find a feedback control law

") = u(q,q, g, vy, 0, b, @) such that lim, . .g(¢) =0, where ¢(¢) = g.(¢) — q(¢) is defined as

[25)
the trajectory tracking error. As in Ref. [1], we define the equivalent trajectory tracking error as
e=Tg 4)
cos¢p sing 0
where e = [ey, e, e3]T, and T = | —sin¢g cos¢ 0
0 0 1

Note that since 7' matrix is nonsingular, e is nonzero as long as g # 0. Assuming that the angles
¢, and ¢ are given in the range [—n, n], we have the equivalent trajectory tracking error e = 0 only
if ¢ = ¢.. The purpose of the tracking controller is to force the equivalent trajectory tracking error
e to 0. In the sequel we refer to e as the trajectory tracking error.

Using the nonholonomic constraint (2), the derivative of the trajectory tracking error given in
Eq. (4) can be written as, [1],

e = eow — v+ v, CoSe;
éz = —e1w + Uy Sin€3 (5)
e3 =W —

where v and w are the translational and rotational velocities of the mobile robot, respectively, and
are expressed as

v =XCcos¢ + ysing

6
e ©)

4. Tracking controller design

Here, the goal is to design a controller to force the tracking error e = [ey, e, 63]T to zero. Using
backstepping technique, since the actual control variables u; and u, do not appear in Eq. (5), we
consider variables v and w as virtual controls. Let v4 and w4 denote the desired virtual controls
for the mobile robot. That is, with vy and w4 the trajectory tracking error e converges to
zero asymptotically. Also let us define © and @ as virtual control errors. Then, v and w can be
written as

V=104+ 70

CO:U)d-i-(I)

(7)
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Let us choose the virtual controls vy and g, as

va(vr, 0y, €1, e3) = vrcoses + ki (vr, ;e g
®4(vy, Oy, €2, €3) = @ + kyviey + k3 (vy, ;) sines ®)
where k; is a positive constant and k; () and k3 (-) are bounded continuous functions with bounded
first derivatives, strictly positive on R x R-(0,0). Observe that our approach from here on is
general for any vy and wy (with well defined first derivatives), i.e. any differentiable control law
that makes the kinematics model of the mobile robot track a desired trajectory can be used instead
of Eq. (8). Eq. (8) is similar to the control law proposed by Ref. [1], but with the advantage, as we
are going to prove later, that it can be used to track any reference trajectory as long as As-
sumption A; holds.
Now, consider the following adaptive control scheme:

u = Bl(_clﬁ—i-e] + 1q)
5 -1 .
u2:ﬁ2 —Czw+k—Sln€3+(Dd
2

ﬁl = —y,sign(b;)o(—ci0+ ey + vq)

s . . -1 i
B, = —y251gn(b2)a)< — @ + o sine; + a)d>
2

where ¢, ¢, 71, and y, are positive constants and ﬁl is an estimate of §;, = 1/b; and ﬁz 1S an
estimate of f, = 1/b,.

Result 1. If Assumption Ay holds, then the adaptive control scheme (9) makes the origin e =0
uniformly asymptotically stable.

Proof. Consider the following Lyapunov function candidate

= ! (ef + &) —|—i(1 — cose;3) (10)
2 k>

where k, is a positive constant. Clearly V; is positive definite and 7; = 0 only if e = 0.
Taking the time derivative of V|, we obtain

) ) 1 .
Vi =e(— v+ v.cose;) + eyvpsines —|—k— sines (@, — ) (11)
2
Furthermore, using Egs. (7) and (8), we have
. ky . - - .
Vi = —kie} — -2 sin’e; — ey — @— sine; (12)
k2 k2

In view of Egs. (1), (2) and (6), we find the time derivatives of ¢ and @, as

ST
Il

D — g = Xcos¢ —)'csinquf) + ysing —i—ycosdxﬁ — Vg = bu; — 04 (13)

d)—d)d:¢—d)d:bzuz—d)d

S
I
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Consider the Lyapunov function candidate

161 7o |bo] 2

/31+

V2:V1+%(62+d)) ﬂz (14)

where §, =, — f, = 1/b, — [31 and ﬂ2 = B, — B, = 1/by — B,. Considering Eq. (9) we get:
. ky . .
V, = —kle%—k—3s1nze3—c1172—cza)2<0 (15)
2

Since V5 is bounded from below and ¥ is negatlve semi-definite, ¥, converges to a finite limit.
Also, V>, as well as, e;, e, e3, U, @, ﬂl, and ﬂ2 are all bounded.
Furthermore, using Egs. (5), (7)-(9) and (13), the second derivative of V, can be written as

i./z = —Zklelez(cor + kzvrez + k3 sine3 + Cb) + 2k1€1(k1€1 + l~)) — ];716%

2ks ks ~
+ k— coses Sll’le3(k2Ur€2 + ksysines + 0)) — k_ SlIl e; — 2015(b1ﬂ1(—015 + e + l)d) — Ud)
2 2
. 1 . . .
— 20,0 <b2ﬂ2< — C® + o sine; + a)d) — wd> (16)
2

which from the properties of ki, k,, and k3, the assumption that v, and w, and their derivatives are
bounded, and from the above results, can be shown to be bounded, i.e., ¥ is uniformly contin-
uous. Since V;(¢) is differentiable and converges to some constant value and that 7 is bounded, by
Barbalat’s lemma, Vz(t) — 0 as t — oo. This in turn implies that e, e3, 9, and & converge to zero
[12,13]. To show that e, also goes to zero, note that, using the above results, the first error
equation can be written as

é] :ezwr—kle] (17>
The second derivative of e; is
él = d)rez + (Dr( — e+ v, Sil’l€3) — kl (eza)r — klel) — jﬁel (18)

which can be shown to be bounded by once again using the properties of k, the assumptions on v,
and w,, and Eqgs. (7) and (8). Since ¢, is differentiable and converges to zero and ¢é; is bounded, by
Barbalat’s lemma, é;, and hence, e,w, tend to zero. Proceeding in the same manner, the third error
equation can be written as

é3 = —kzl)rez — k3 sine3 (19)

and its second derivative can be shown to be bounded. Since e; is differentiable and converges to
zero and &; is bounded, again by Barbalat’s lemma, e; — 0 as t — oo. Hence, k»,v.e; and thus v,e,
tend to zero as ¢t — oo. Clearly, both v.e, and w.e, converge to zero. However, since v, and w; do
not both tend to zero (by Assumption A;), e, must converge to zero. That is, e, e;, e3, 0, and @
must all converge to zero. [

In Section 3, we demonstrated that the system is stable if & is a positive constant, and that 4 (+)
and k;(+) are bounded continuous functions with bounded first derivatives and are strictly positive
on R x R-(0,0). To get a better understanding on how the control gains affect the response of the
system, we write the equations for the closed loop system when o and @ are equal to zero as [1]
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—k1€1 + (Q)r + kzl)r€2 + k3 sine3)e2
e = —((Ur + koveer + k3 Sil’l€3)€1 + v, sine; (20)
—kzvrez — k3 Sine3

By linearizing the differential equation (20) around e = 0, we get

é=Ae (21)
where
—k1 Wy 0
A= — 0 Uy <22)
0 —kzl)r —k3

To simplify the analysis, we assume that v, and w, are constants. The system’s closed loop poles
are now equal to the roots of the following characteristic polynomial equation:

(s 4 2Eawy) (s> + 2Ewos + wy) (23)
where ¢ and w, are positive real numbers. The corresponding control gains are
ki = 2&my
2 2
Wy — W;
k3 = 25600

With a fixed pole placement strategy (£ and w, are constant), the control gain k, increases
without bound when v, tends to zero. One way to avoid this is by letting the closed loop poles
depend on the values of v, and w,. As in Ref. [2], we choose wy = (wf + bvf)(l/ ? with b > 0. The
control gains then become

ky = 2& (o] + bvf)l/2

ky=b (25)
ks = 2&(? + bi2) '

and the resulting control is now defined for any values of v, and ;.

In the above, it is shown that the proposed algorithm works for any desired velocities, (v4, ®q).
However, in practice, if the tracking errors initially are large or if the reference trajectory does not
have a continuous curvature (e.g., if the reference trajectory is a straight line connected to a circle
segment), either or both of the virtual reference velocities in Eq. (8) might become too large for a
real robot to attain in practice. Hence, the translational/rotational acceleration might become too
large causing the robot to slip [1]. In order to prevent the mobile robot from slipping, in a real
application, a simple velocity/acceleration limiter may be implemented [1], as shown in Fig. 2. This
limits the virtual reference velocities (v4, wg) by constants (Umay, Wmax) and the virtual reference
accelerations (a, o) by constants (@max, tmax), Where a = 94 and o = @q4 are the virtual reference
accelerations. In practice, these parameters must be determined experimentally as the largest
values with which the mobile robot never slips.
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Fig. 2. Tracking control structure.

An important advantage of adding the limiter is that it lowers the control gains indirectly only
when the tracking errors are large, i.e., when too high a gain could cause the robot to slip, while
for small tracking errors it does not affect the performance at all. Thus, by using the limiter one
can have higher control gains for small tracking errors to allow for better tracking, while letting
the limiter to “scale down” the gains, indirectly, for large tracking errors, to prevent the robot
from slipping.

5. Simulation results for tracking control problem

Here, the results of computer simulation, using MATLAB/SIMULINK, are presented for a mobile
robot with the proposed tracking control and with the velocity/acceleration limiter. The computer
simulations for the above controller without the limiter, although not shown here, produce similar
results, but with somewhat different transient characteristics. All simulations have the common
parameters of ¢; = ¢; = 100, y, =y, = 10 and b = 250. Also selected are, the damping factor & =
1, Omax = 1.5 m/S, oy = 3 rad/s, ama = 5 m/s? and o, = 25 rad/s>. Moreover, the robot’s dy-
namic parameters are chosen as b, = b, = 0.5, which are assumed to be unknown to the con-
troller, but with known signs.

Simulation results for the case where the reference trajectory is a straight line are shown in Figs.
3 and 4 for ¢ € [0, 10]. The reference trajectory is given by x,(¢) = 0.5¢, y,(t) = 0.5¢ and ¢,(t) = n/4,
defining a straight line, starting from ¢,(0) = [x,(0),:(0), ¢,(0)]" = [0,0,7/4]". The mobile robot,
however, is initially at ¢(0) = [x(0), y(0), ¢(0)]" = [1,0,0]", where ¢ = 0 indicates that the robot is
heading toward positive direction of x.

As it can be seen from these figures, first the robot backs up and then heads toward the virtual
reference robot moving on the straight line. Figs. 5 and 6 show the simulation results for tracking
a circular trajectory. The reference trajectory is a point moving counter clockwise on a circle of
radius 1, starting at ¢.(0) = [x.(0),%(0),¢,(0)]" = [1,0,7/2]". The reference velocity is kept
constant at v,(¢) = 0.5 m/s. The initial conditions for the mobile robot, however, is taken as
4(0) = [x(0),(0), p(0)]" = [0,0,0]".

Again, as it is seen from these figures, the robot immediately heads toward the reference robot,
which is moving on the circle. It then reaches it quickly and continues to track it.
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6. Stabilization problem definition

The stabilization problem, given an arbitrary desired posture gq4, is to find a feedback control

law, (Zl) =u(q —qq4,9,1), such that lim, . (q(f) —qq) =0, for any arbitrary initial robot
2

posture ¢(0). Without loss of generality, we may take g4 = [0,0,0]".
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6.1. Stabilization controller design

Recall that there is no continuous static state feedback that can asymptotically stabilize a
nonholonomic system about a fixed posture [8-10]. The approach to the problem taken here is the
dynamic extension of that in Ref. [2] where a kinematics model of the mobile robot is used. In-
stead of designing a new controller for the stabilization problem the same controller as for the
tracking problem is used. The idea is to let the reference vehicle move along a path that passes
through the point (x4, y4) with heading angle ¢4. The stabilization to a fixed posture problem is
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now equivalent to, and can be treated as, a tracking problem (convergence of the tracking errors
to zero) with the additional requirement that the reference vehicle should itself be asymptotically
stabilized about the desired posture. As in Ref. [2], we let the reference vehicle move along the x-
axis, i.e. y;(#) = 0 and ¢,(¢) = 0, for all values on 7. The design method is the same as derived for
the tracking case. However, in this case

O =X = —hkax, + g(e, 1), (26)
with
g(e,1) = el sint (27)

where k4 > 0. Different time-varying functions g(e, ¢) have also been suggested in the literature, see
Refs. [2,11] and the references therein.

Since, from the Section 5, the tracking errors e, e;, and e; are bounded, the time-varying
function g(e, t) is bounded. Therefore v, and the state x; also remain bounded. By taking the time
derivative of Eq. (26), it can be shown in the same way that o, is bounded. Since v, and ?, are
bounded, the assumptions made in Section 3 concerning the reference velocity are fulfilled. If v, is
not equal to zero, then e must converge to zero. When e tends to zero, g(e, ¢) also tends to zero.
Therefore, the robot’s position x must track x;, which converges to zero and hence lead the mobile
robot to the desired posture.

6.2. Simulation results for stabilization control problem

Here, the simulation results for the stabilization problem are shown in Figs. 7 and 8. The
control parameters and system parameters are the same as for the simulations shown for the
tracking problem and k4 = 1. The mobile robot is initially at ¢(0) = [x(0),y(0), $(0)]" = [0,1,0]".

Robot Trajectory
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T Ay 4
08 Robot """""""" )
g [o X - 3 II@E?E?.W __________ 4
2 H
x '
'+ 0 g S S .
- Robot .
02} .T.f.a.ls*_c_tfzf.az_\:,_i __________________ ]
1) : |
\ Target
0.2 .
0.5 0 0.5
x axis (m)

Fig. 7. Mobile robot’s trajectory in posture stabilization simulation.



252 F. Pourboghrat, M.P. Karlsson | Computers and Electrical Engineering 28 (2002) 241-253
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Fig. 8. Time plots of x, y, and ¢.

As it is seen from the figures, the stabilization about the final posture at the origin is achieved
quite satisfactorily. Note, in this case, that the robot actually turns around and backs up into the
final posture.

7. Conclusions

Two important control problems concerning mobile robots with unknown dynamic parameters
have been considered, namely, tracking of a reference trajectory and stabilization to a fixed
posture. An adaptive control law has been proposed for the tracking problem and has been ex-
tended for the stabilization problem. A simple velocity/acceleration limiter was added to the
controller, for practical applications, to avoid any slippage of the robot’s wheels, and to improve
the tracking performance. Several simulation results have been included to demonstrate the
performance of the proposed adaptive control law.
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